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Introduction
Let A denote the class of functions analytic in the open unit disc U := {z ∈ C : |z| < 1}, where C is, as usual, the complex plane. Given functions f , g ∈ A, f is said to be subordinate to g in U, denoted by f (z) ≺ g(z) (z ∈ U), if there exists a function w ∈ B 0 where B 0 := {w ∈ A : w(0) = 0, |w(z)| < 1, (z ∈ U)}, such that f (z) = g(w(z)), (z ∈ U).
It follows that
f (z) ≺ g(z) (z ∈ U) ⇒ f (0) = 0 and f (U) ⊂ g(U). For fixed k (0 ≤ k < ∞) let Ω k be the conic region given by
(1.1)
We note that Ω k is a region in the right half-plane, symmetric with respect to real axis, and contains the point (1, 0). More precisely: for k = 0, Ω 0 is the right half-plane; for 0 < k < 1, Ω k is an unbounded region having boundary ∂Ω k , a rectangular hyperbola; for k = 1, Ω 1 is still an unbounded region where ∂Ω 1 is a parabola; and for k > 1, Ω k is a bounded region enclosed by an ellipse.
We define the function class P (q k ) as follows:
In a recent paper, Kanas [1] discussed in detail the geometry of the region Ω k , the explicit form of the function q k and basic properties of functions in the class P (q k ). In the particular case k = 0, P (q 0 ) is the often discussed class of Carathéodory functions h ∈ A satisfying h(0) = 1 and ℜ(h(z)) > 0 for z ∈ U.
For the class of Carathéodory functions, i.e. P (q 0 ), the following result is well known:
Kanas (cf. [1] ) obtained similar estimates for the class P (q k ) (0 ≤ k < ∞): 
(
1.4)
If the function h given by the Taylor-Maclaurin series (1.2) is a member of the class P (q k ), then for −∞ < u < ∞,
The middle inequality in (1.5) is sharp for the function h(z) = q k (z 2 ).
Let A 0 be the subclass of functions f in A satisfying the normalization condition f (0) = f ′ (0) − 1 = 0. Thus, the functions in A 0 are represented by the Taylor-Maclaurin series expansion
(1.6) Let S be the class of univalent functions in A 0 (cf. [2] ). Similarly, let CV and UCV denote, respectively, the subclasses of S consisting of functions which are convex (cf. [2] ) and uniformly convex (cf.
is said to be in k-UCV, the class of k-uniformly convex functions, if and only if the function h ∈ A defined by
is a member of the class P (q k )(cf. [4] ). Note that 0-UCV = CV and 1-UCV = UCV. For functions f ∈ k − UCV (0 ≤ k < ∞) and represented by (1.6), the problem of finding sharp bounds for |µa 2 2 − a 3 | (−∞ < µ < ∞) has been settled for k = 0 by Keogh and Merkes [5] , for k = 1 by Ma and Minda [6] and for 0 < k < 1 and k > 1 by the authors [7] (also see [8, 9] for recent work). In the study of this problem an essential first step is to replace the function h(z) of Eq. (1.7) by q k (w(z)), (w ∈ B 0 ). Next by using the one-to-one correspondence between the class of the Schwarz functions B 0 and the class of the Carathéodory functions P (q 0 ) one writes In the present paper we first sharpen the estimates in (1.5) for |ub
and given by the series expansion (1.2). Our result improves upon the estimates in Theorem 1.3
Applying the new estimates, we present a direct and shortened proof for the estimates of |µa 2 2 − a 3 | found in [7] for f ∈ k-UCV, 0 ≤ k < ∞.
This alternative proof avoids the intermediate step of (1.8) . This method is also applicable to the related classes discussed in [7] [8] [9] [10] .
Preliminary lemmas
In the present investigation we also need the following results.
Lemma 2.1 (see [1] ). Let k ∈ [0, ∞) be fixed and q k be the function as in Definition 1.1. If
and K(t) is the complete elliptic integral of first kind (for details see [11, 12] ; also see [13] , p. 50).
Lemma 2.2 (see [5]
). Let the function w ∈ B 0 be given by
(2.6)
Then for every complex number s,
(2.7)
The main results
We have the following: 
4). If the function h given by the Taylor-Maclaurin series (1.2) is a member of the function class
where Proof. By the definition of subordination there exists a function w ∈ B 0 such that h(z) = q k (w(z)), (z ∈ U). Suppose that w(z) is given by the series (2.6). A direct calculation gives
This gives 
This is precisely the first inequality in (3.1).
On the other hand if u < α 2 (k), then (3.4) gives
Applying the estimates |d 2 | ≤ 1 − |d 1 | 2 of Lemma 2.2 and |d 1 | ≤ 1, we have
This is the last inequality in (3.1).
Therefore, (3.4) yields
We get the middle inequality in (3.1).
We next discuss the sharpness of the inequalities in (3.1). Suppose u > α 1 (k). 
2 ). The proof of Theorem 3.1 is complete.
2). Our Theorem 3.1, refines and sharpens the first and last estimates in (1.5) and determines the exact ranges of u for each case of (1.5).
Let the functions F (z) and G(z) in k-UCV be defined, for z ∈ U, respectively by
It is easily seen that for z ∈ U,
and In the following theorem we present a shortened and direct proof for the Fekete-Szegö inequalities for the class k-UCV found recently by the authors [7, 8] . Proof. By definition there exists a function h ∈ A, represented by (1.2) and subordinate to q k , such that
